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1. Introduction 
In the car manufacturing industry, painting and polishing work is mostly done by robots 
because these tasks are quite hazardous to the health of human workers, and also because they 
do not require a very sophisticated robot. In general the industrial product (car) passes by the 
robot with constant speed, and the endpoint of the robot where the painting device, usually a 
spray pistol, is mounted, performs a prescribed time periodic motion. For such a painting 
process stability problems can become important if parameters are varied. Two cases should be 
mentioned as examples. Firstly, if the speed of the assembly line is increased, the endpoint of the 
robot must also move faster and hence a loss of stability of the basic periodic motion can occur 
for fixed parameters of the controller. Secondly, a change of the spray pistol to one with different 
mass again is a variation of a parameter which could lead to an instability. 
As mechanical model of a the robot a planar double pendulum (Fig. 1) is used. To control the 
motion of the endpoint G two torques Mi and M2 act at the hinges. The prescribed motion of 
the endpoint is on a circle and the endpoint moves along this circle with constant angular 
velocity w,, (see (11)). The following questions concerning the stability problem which we want to 
answer in this paper arise quite naturally: What happens if for fixed parameters of the control 
loop the angular velocity wO of the endpoint G is increased quasi statically? Does a critical value 
uOC exist for which the circular motion of the endpoint turns unstable? If such an wOC exists, what 
type of motion sets in after loss of stability of the periodic state? If several different types of loss 
of stability exist, is it possible to classify them? Is it possible to say something about the 
influence of imperfections on the behavior of the system? To our knowledge there do not exist 
many papers [l] dealing with such questions in robotics because, except for the calculation of wOC 
for which a linearized analysis is sufficient, a nonlinear analysis of a periodic fundamental 
solution must be made. 
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Fig. 1. A mechanical mode1 of a manipulator consisting of a planar double pendulum with two moments M,, M2 
acting at the hinges yielding the prescribed motion of the endpoint G. 
We attack this problem by means of the methods of bifurcation theory [2-41. It is possible to 
give applications for all generic one parameter (codimension one) types of loss of stability of 
maps. Hence for the simple codimension-one case all questions raised above can be answered. 
2. Mechanical model and control loop 
A simple planar double pendulum with torques acting at its hinges is used as the mechanical 
model (Fig. I)+ The two equations of motion can he given making use of Lagrange’s equations in 
the form 
:p+;+cos+, -:(1+2cosC$,) 4, 
-,?(1+2cos9,) !. 3 ii 42 
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process-computer 
i --PO 
Fig. 2. The control loop compensating deviations $ in the motion of the robot from the prescribed motion &(t) 
obtained from Mo( t). 
where the following dimensionless quantities (Fig. 1) 
iG 
t=wo, M,= --L) 
K. 
m212& 
ki= I 
m212wo ’
are used. 
The components C#Q, $I= of the vector + are the two degrees of freedom and M = (M,, M2)T is 
the vector of the drive moments acting at the hinges of the robot. k, are the viscous friction 
coefficients in the joints. 
The time dependent moment M(t) must be prescribed in such a way that the endpoint of the 
robot moves along the prescribed path with prescribed speed. The solution of this problem is the 
so-called inverse problem in robotics [l] resulting in a moment M,(t). It will be explained in the 
next section. For the moment let us assume that M,(t) giving Go(t) is known. However, 
perturbations of the state of the system can lead to deviations + - +. = J/ which must be 
compensated by an appropriate moment AM. Hence the control loop of Fig. 2 is set up in order 
to control the motion of the robot endpoint. 
3. Calculation of the drive moments giving the fundamental motion 
We proceed in two steps. First the two angles +Oi( t) (everywhere in the paper i = 1, 2, with an 
exception in Appendix A) are calculated as functions of time for the prescribed motion of the 
endpoint G. Secondly these expressions for the &(t) are introduced into (l), to yield the 
moments Moi( t). To perform the first step we start with the relations 
x G = l(cos +1 + cos(+, - +I))> yG = lcsin h - sin(+2 - $d>, (2) 
that follow from Fig. 1 and which have to be solved for c#+( t). Such calculations are basic in the 
dynamics of robots [l, p.651. If we introduce 
CY2=x;+y;, K2 = 41= - a=, 
the expressions 
and 
cos $2 = 6=/212 - 1, sin c$~ = 6~/21~, (3) 
(4) 
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follow. In (1) sin and cos of (& - +i) are also included. They can be calculated to be 
If the identity 
d d+i 
dt cos & = - dt sin & 
is used, the calculation of the first derivatives of the & is given by 
Hence after we use (4) and (3) the following expressions 
1 . 
&= - yc+Xc(K/G) ( XG - &; + 4PY, xGx,b:,y”Yo j ) 
$,= -2 xcf, + YGh 
6K 
are obtained. 
The second derivative of c#+ is calculated from (6). This yields 
6, = & ((sin +j)‘(cos &)’ - sin Gi (cos I&)“). 
I 
From (8) follow the two expressions 
4, = s2 
Y; - xi + 2X,Y& + 412xi 
(5) 
(6) 
(7) 
(8) 
(9) 
Equations (3)-(9) are still valid for arbitrary motions of the point G in Fig. 1. 
Now we specify the motion of the endpoint G to be on a circle. From Fig. 1 follows 
x,=L-rcosp, y,=F sin p. (10) 
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From (10) 1,, pG and ZG, jj, can be calculated. With 
p = w0 = const. (II) 
one of the parameters mentioned in the Introduction appears. 
Thus the problem of determining the nominal moments M,, for the prescribed motion is 
solved. To obtain M,,, (10) must be introduced into (3)-(9) and these equations then into (1). 
4. Formulation of the mathematical problem 
We introduce new coordinates qi measured from the fundamental motion & and the 
deviation AM, from the nominal moments Moi by 
+i = +0i(t> + Gi> Mi = M,&) + AM,, (12) 
and insert these expressions into (1) where after expanding the trigonometric functions, we 
retain only terms up to third order in the unknown variables I/J;, di, Gj. These two equations of 
second order with time periodic coefficients are transformed into a system of four equations of 
first order by setting 
x1 = $1, x*=+1, x3=+2> x4=$2. 03) 
The resulting equations of motion can be written in the following form: 
i =X(t)x + B(t)u +f(x, -);_), 04) 
where x, f E Iw 4, x(t) is a 4 x 4 matrix, u = (AM,, AM,)T and B is a 4 x 2 matrix. The vector f 
contains all nonlinear terms of second and third order. The elements of A, B and f are given in 
Appendix A. In the following we shall use sometimes also N to designate the dimension of (4) 
(i.e. N = 4). 
In the further treatment of (14) a control law for u must be introduced. A simple compensa- 
tion of the deviation from the prescribed motion is stipulated. Hence the following relations are 
introduced: 
AM, = Rxl, AM, = +Rx,, (15) 
where the control parameter R, of course, must have a negative value. Introducing (15) into (14) 
and eliminating the terms i in f in (14) by means of its linear and quadratic parts, results in 
i =A(& h>x +fz(x, t, A) +.&C-G t, A> + 0( IX I 4)’ (16) 
where 4t, A), .f2(x, t, A), f3(x, t, A) are periodic in t with period T and the vectors f2 and f3 
contain nonlinear functions in the variables of second and third order respectively. The 
parameter vector A is assumed to be two-dimensional and given by 
X=(w,, R)T (17) 
with R defined by (15). It will be shown below that for generic one parameter (codimension 1) 
bifurcations the fourth-order terms in (16) do not affect qualitatively the local stability behavior. 
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5. Poincart! mapping and stability problem 
The stability problem of the prescribed (periodic) motion of the endpoint G can be formulated 
as the stability analysis of 
x=0 08) 
of (16). For the linearized stability analysis of (18) Floquet theory [5] could be used. However, we 
also want to obtain some information on the behavior of the system after loss of stability. 
Therefore it is preferable to calculate the Poincare mapping, which also includes the linear 
stability analysis supplied by Floquet’s theory [2, p.2821. In our case the Poincare mapping is 
identical to the time T mapping. 
The Poincare mapping P(x,) in the neighborhood of (18) is defined by 
P(X + x0) = P(0 +x0) = P(xO) = x(T, x0), (19) 
where x0 = x(0) is the initial value (Fig. 3). We want to calculate P(x,) up to and including third 
order terms in x0. This can be done by the following Taylor series expansion of (19) about (18) 
P(x()) = P’(O)x, + :P”(o)(x,, x0) + iP "' (0)(x,, x0, x0) + . . * (20) 
where P'(O), P"(O), P "' (0) are obtained from the solution of a series of initial-value problems. 
This becomes clear if (20), making use of the last relation in (19), is written in the following form 
P(x())= 2x,+ ;~(x,, 
1 a3x 
x0) + --(x0, xg, x0) + *** . 
0 0 6 ax; 
(21) 
To calculate ax/ax, the derivative with respect to x0 is taken of equation (16) written in the 
form x =f( x, t). This yields 
ax - 
i-i 
af ax 
ax0 = FG ax,. (22) 
For reference see, for example, [6] or [7]. The system of N x N linear homogeneous differential 
equations (22) must be integrated until t = T with the initial condition ax(O)/ax, = I, where I is 
Fig. 3. A schematic sketch of the definition of the Poincar6 mapping (time T mapping) P(x,) in the neighborhood of 
the periodic solution given by the fixed point X. 
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the unit matrix. In order to calculate the next term in (21) the derivative with respect to x0 of 
(22) is taken. This results in 
a2x * 
i-i 
af azx 2 
ax,2 = z ax,2 
I a2f ax 
i 1 ax2 ax, . (23) 
The system of N X N X N linear inhomogeneous differential equations (23) must be integrated 
from t = 0 to t = T with the initial condition a2x(0)/a xi = 0. If we proceed in this way, the 
coefficients of the third-order and higher-order terms can also be obtained. Of course, this 
process of numerical calculation of the terms of the Poincare mapping becomes quite involved if 
the dimension N of (16) is large. 
As result of these calculations a discrete dynamical system 
X n+l =L(A)X,,+ Q&n, x,, A) + Q&n, x,, x,, A> +h.o.t. 
is obtained, with x, E R4 and A E R 2. 
(24 
The stability of (18) is determined by the eigenvalues of 
L(A) = P’(O) = ax(T)/ax,. (25) 
The eigenvalues pj ( j = 1, . . . , 4) of (25) are calculated for a quasi static variation of the 
parameter w0 given by (11) with the second parameter R given by (15) kept at a fixed value. The 
motion (18) is stable if all eigenvalues of (25) have absolute value smaller than 1. If at least one 
eigenvalue has absolute value bigger than 1 then the motion is unstable. If all eigenvalues have 
w,, [rad/sl 
I 
15- 
ld- 
5- 
I 
-60 
I 
, ;-R [Nm/radl 
-30 
Fig. 4. The stability boundary in the wO (angular velocity of G in Fig. l), R (controller constant) parameter plane. All 
three different types of loss of stability according to (26) can occur. 
206 E. Lindtner et al. / One-parameter bifurcation of robot motion 
absolute value smaller than 1 except some with absolute value equal to 1 then the system is 
located at the stability boundary. We pick now a parameter value h according to (17) such that 
all eigenvalues have absolute value smaller than 1. By keeping R fixed and increasing wO the 
stability boundary will be reached and generically, i.e. typically in a one-parameter family, three 
different types of loss of stability can occur [2, p.2841: 
(i) pl = 1, 
(ii) pL2 = -1, (26) 
(iii) p3=v*in, ]p3] =l. 
(i), (ii) and (iii) are called transcritical, flip and Hopf bifurcation respectively. If more com- 
plicated cases occur, a small shift in the other parameters of the system always will yield one of 
the cases of (26). 
In Fig. 4 the stability boundary in parameter space ( wO, R) is shown. In the range of R shown 
in Fig. 4 ( - 75 < R < - 28) the first instability obtained, by increasing w,,, always is due to a 
flip-bifurcation. However, also Hopf and transcritical bifurcations can occur if the system is 
operated at values of wO bigger than those leading to the first flip instability region. That above 
this region parameter domains exist again where the fundamental state (18) is stable can be 
explained by the fact that the flip bifurcation results from a resonance phenomenon. Further- 
more it will be shown in the nonlinear analysis after moving through the flip instability region 
the robot motion is stable again. 
6. Reduction to bifurcation equations 
Now we reduce (24) to a low-dimensional system of bifurcation equations by means of Center 
Manifold Theory [4,8] for the three cases (26) i.e. for the critical parameter value X = A,. We 
proceed in three steps: 
(i) By 1 ea h a in r c ange of coordinates the matrix L is transformed into Jordan form. 
(ii) The terms on the Center Manifold are calculated up to and including third order. 
(iii) Making use of Normal Form Theory the bifurcation equations are simplified as much as 
possible. 
To transform L in (24) into Jordan form a new variable 
y,, = T-lx, (27) 
is introduced, where T is a matrix consisting of the eigenvectors. Introducing (27) in (24) 
Y,+1 =JY, +R*(YrV Y,) +R,(Yn, Y,, Y,) (28) 
is obtained where J = T-‘LT is in Jordan form. The equations in (28) are ordered in such a way 
that the first k eigenvalues have absolute value equal to 1 and the remaining N - k eigenvalues 
have absolute value smaller than 1. 
To apply Center Manifold Theory [4,8], (28) . IS rewritten in the following way: 
u I?+1 =Jc~n + F,(u,, u,), u,+i =J,u, + F,(u,, u,), (29a, b) 
where all eigenvalues of J, are located on the unit circle and those of J, are inside the unit circle. 
J, and J, are k x k and (N - k) x (N - k) matrices respectively where k gives the multiplicity 
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of the critical eigenvalue. In (29) the vector u, of dimension k contains the critical or active 
variables whereas the vector u, contains the noncritical or passive variables which still appear in 
the first part of (29) and have to be eliminated from there. This is done [8] by representing the 
noncritical variables as a function of the critical variables 
u, = J+,), 
where for h the’following two properties hold: 
h (0) = 0, h’(0) = 0. 
Introducing (30) into (29b) and making use of (29a) 
h(0, +Fc(Un, h(u,))) -Q(u,) -J&G> h(u,)) = 0 
(30) 
(31) 
(32) 
is obtained [8]. Following [8] we only have to look for an approximation of h designated by 
H( u,,) because for a local analysis only terms up to second or third order respectively are 
relevant. If (32) calculated for H( u,), 
HP&, + Fc(%, H(4)) -JS%J - Fs(%> H(4) = o( I u, I q>Y (33) 
then the difference 
(34) 
also. As only the third-order terms in (29a) are calculated, immediately a restriction to quadratic 
terms in H can be made, provided the bifurcation equations of third order will be three-de- 
terminate, which is the case. (We recall that a system of bifurcation equations is n-determinate if 
the addition of terms of order n + 1 or higher does not change the local behavior qualitatively.) 
Further in the cases which are treated here we have k = 1 for p = 1 and p = - 1 and k = 2 for 
p = v + iv according to (26). Hence making a quadratic ansatz for H and by equating coeffi- 
cients to zero to make the second-order terms in (33) vanish leads to the required expression for 
h(u,). Details of these calculations are given in Appendix B. 
Introducing H( un) into (29a) gives the bifurcation equations 
U n+l =JcUn + F,ho HhJ (35) 
which are the qualitatively correct bifurcation equations up to third order. Equation (35) is either 
one- or two-dimensional. 
The equations (35) can be simplified still further by means of the Normal Form Theorem [2,3], 
which basically consists in a nonlinear change of variables intended to remove as many terms as 
possible from (35). For the case p = 1 the Normal Form is already given by the lowest order term 
in one variable. However for the case p = - 1 and the two-dimensional case 1_1= v f in all the 
quadratic terms can be eliminated, and from the third order terms only one term remains in each 
equation [3, p.1581. Hence the following bifurcation equations are obtained for 
(1) p = 1: transcritical bifurcation 
U n+l =u,+au;+o( IUp). 
(2) p = - 1: flip bifurcation 
(36) 
U n+1= -uu,+au~+O( Iz#), U,+Z=U,-22au;+0( ]u,]5). (37) 
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(3) p = Y _+ iv: Hopf bifurcation 
z,+1 = (Y + iq)(l + (~z,Z,)z, 
where z, = x, + iy,,, Zn = x, - iy,. 
(38) 
The quantities a and (Y decide the stability of the bifurcated solutions and must be calculated 
numerically from the given data of the robot going through all the steps explained so far. 
7. Unfolding and bifurcation diagrams 
All cases mentioned in Section 6 are of codimension one or in other words occur typically in 
one parameter families. Hence the following unfolded bifurcation equations are obtained. 
7.1. Transcritical bifurcation 
Unfolding of (36) with the parameter 
leads to 
U n+l=(1+~)u,+au,2+0(~u,~3). (39) 
The fixed points of the mapping (39) follow from setting u,+i = u, to: u, = 0 and u, = -e/a. 
In Fig. 5 is shown that at woC a new solution branches off. The stability of the bifurcated solution 
(fixed point) can be analyzed by calculating the derivative of the right-hand side of (39) and 
checking whether its absolute value is smaller (stable) or bigger (unstable) than 1. This yields the 
result given in Fig. 5. It is also interesting to see what type of motion the endpoint G of the robot 
performs after loss of stability. This is shown in Fig. 6 for three values of E. Obviously only a 
Fig. 5. Local bifurcation solutions for the transcritical bifurcation (p =l); (full lines: stable; dotted line: unstable); 
(f = wg - wo,). 
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Fig. 6. The motion of the endpoint G (Fig. 1) is shifted away from the prescribed path after a transcritical bifurcation 
(R = -37, WOC = 4.163 and (a) Aw = 0.218, (b) Aw = 0.605, (c) Aw = 1.234). 
shift of the prescribed circular path has occurred. Finally we give a “global” picture showing the 
influence of the third order terms in (39), connecting two local transcritical bifurcations in Fig. 7. 
From this figure it is clearly understandable how after moving through a resonance regime the 
original fixed point u, = 0 is obtained again. 
:I I __;__/:_)); I i:._\_; 5WO[rad,sl 
4 5 6 7 8 9 
Fig. 7. A “global” bifurcation solution connecting two local transcritical bifurcations. The different controller 
constants R correspond to those in Fig. 4. 
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Fig. 8. Local bifurcation solutions for the flip bifurcation (p = - 1 and a -C 0). 
7.2. Flip bifurcation 
Unfolding of (37) leads to 
U n+l=(-l+c)u,+au;l+O( Iun15), (40) 
24 n+2 = (1 - 2~)u, - 2aui + 0( 1 u, I’). (41) 
The fixed points of this mapping are given by setting u,+* = u, to: u, = 0 and u, = f /_ 
as presented in Fig. 8. The question of stability can be solved analogously, as explained in 
Section 7.1. For a < 0 the situation shown in Fig. 8 is obtained. The flip bifurcation of a periodic 
motion leads to a two-periodic motion which can be well represented by a Moebius strip (Fig. 9). 
The motion of the endpoint G is given in Fig. 10 clearly showing the two-periodicity. Finally Fig. 
11 shows a “global” picture connecting two local bifurcation points when moving through the 
flip instability region of Fig. 4. The “global” picture is obtained by integrating the original 
system (16). Again it becomes clear that after moving through a resonance region the robot 
un un +2 
Fig. 9. A Moebius strip explaining the two periodicity of the flip bifurcation. 
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(b) 
Fig. 10. The motion of the endpoint G (Fig. 1) after a flip bifurcation clearly exhibits the two-periodicity 
(R = - 55, woC = 6.9122 and (a) AU = - 0.0089, (b) Aw = - 0.032, (c) Ati = - 0.0896). 
motion becomes stable again. Furthermore from Fig.11 it can be seen that for increasing w0 the 
bifurcations of the fixed point u, = 0 are both subcritical and supercritical. For decreasing q, all 
bifurcations are supercritical. 
1 .c 
0.5 
0.0 
-0.E 
-l.C 
3:5 4:o 4:5 510 5.5 6:0 6:5 710 
Fig. 11. “Global” bifurcation solutions of the flip bifurcation for several values of R. 
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7.3. Hopf bifurcation 
Unfolding of (38) 
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leads to ( c1 = q, - wOC) 
z n+l = (v+iv)(l +Eij..++z,Z,)z,. (42) 
It is useful to introduce polar coordinates in (42) by z, = re’@ and z,+~ = Re’@ which yields 
Re’@ = (Y + in)(l + C+ + w2)rei+. (43) 
p is related to the rate with which pL3 = v + ig (26) crosses the unit circle. Hence in connection 
with (43) 
(44) 
Taking absolute values in (43) 
IRI = I(1 +W++r*)l lrl 
is obtained as I v + in I = 1. The fixed point relation leads to 
(45) 
1= {(l + cl Re(p) + r* Re(cy))* + (cl Im(p) + r* Im(a))* . (46) 
Yn,2 
l 
+ 
l 
Fig. 12. The PoincarC section (Fig. 3) for the Hopf bifurcation showing a quasiperiodic motion on a torus. (Starting in 
0, @ is reached after 31 revolutions; R = - 67, wOC = 12.326 and wO = 12.3.) 
E. Lindtner et al. / One-parameter bifurcation of robot motion 213 
Fig. 13. The motion of the endpoint G (Fig. 1) after Hopf bifurcation (R = - 67, wOC = 12.326 and wO = 12.3). 
Expanding (46) into a power series in or leads to the relation 
1 = 1+ e1 Re(p) + r2 Re(cy) 
from which 
(47) 
follows. Re(p) is always positive according to (44) because the Floquet multipliers increase with 
increasing cr. Hence the stability of the solution obtained from (48) is as follows: 
(1) if Re( CX) > 0 then e1 < 0 and the solution is unstable; 
(2) if Re( CY) < 0 then er > 0 and the solution is stable; 
(3) if Re( a) = 0 the terms of third order do not decide the stability. 
From Fig. 12 it becomes clear that a fixed point undergoing a Hopf bifurcation leads to a motion 
on a torus. Depending whether the ratio between the two frequencies is commensurable or not 
the motion is periodic or quasi periodic. The physical motion of the endpoint G of the robot is 
shown in Fig. 13. 
8. Conclusions 
For the motion of the simple robot of Fig. 1 all, generic codimension one cases of loss of 
stability have been found and are analyzed in their mathematical and physical aspects. The 
214 E. Lindtner et al. / One-parameter bifurcation of robot motion 
equations of motion, a four-dimensional nonautonomous system of nonlinear ordinary differen- 
tial equations has been reduced in the neighborhood of the prescribed periodic motion to its 
Poincare mapping up to terms of third order. These calculations could be performed in principle 
up to arbitrary order of the nonlinear terms in the Poincare map and for arbitrary dimension N 
of the system. However, already for the four-dimensional system the computing requirements 
were already quite big. Having obtained the point mapping then the further analysis proceeds 
quite smoothly following the methods of bifurcation theory as they are presented in the books 
12-51. The practical use of the obtained results is that under various operating conditions of a 
robot typically only three different types of loss of stability 
stability can be practically distinguished from measurements of 
G. 
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Appendix A. Equations of motion 
We write (14) in the following form 
fi = aiixj + binun + fz,ijkXjXk + g2,rJm 1X ‘im +f3,ijk,x,xkx/ + g3,ijkmXjXk’m 
where 
i, j, k, l=l,..., 4, j<k<l, m=2,4 > n = 1, 2. 
The nondimensional parameters p, ki, KG are defined as in Section 2. Furthermore 
up = AMp/m212u~, p = 1, 2. 
In addition we use the following abbreviations 
SpO = sin GPO, GPO = cos +po9 ho = sin(+20 - ho), C2,0 = cosbho - @IO), 
d= -($p+~+C2,-3C;o). 
The elements of the equations above are: 
Linear part 
1 
aij = -cij 
d 
i=l: &=d; 
i=2: a”2,=~k,[-4S,,(p+2)+S2~o(1-6C~~)], 
a” 22 = 4( k, - S,&,,) + 3S20&o (1 + 2C2, > y 
a” 23 = i { S2, [A$,, - &,(5 - 3C2J + 4Czo+20 ($20 - 2&0) 
+ 3C2,&,(1 + 2%) - k&,(1 - 6%))) 
a” 24 = 4s2&2, - 61,) + =2(1 + 2c20); 
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i=3: C,,=d; 
i=4: a”,,= - :k,[3&,(~+ 2)(1+ 2C2,) + 2~2,db + 6 +3C20)1> 
a”,,= 3(k, -s*,&)(l+2C2,) +f%o&(4P+ 15 + 12CmL 
a43= 2 '(s,&2,+6;,,(3+b)] +c,,[~,,(~,,-29,,)+~~:,(5+$p)l) 
+ ~c~,-,s~&~+ 3c220[(02,,-&)*+&] +~~~~~(2~+6+ GA 
a",= 3s,,(&,,-&)(1+ 2C2,) +k2(4p+ 15 + 12c2,). 
bi, = - fgij 
i=2: i21=4, 
62, = 3(1+ 2c*,); 
i=4: 6d41=3(1+2C20), 
&2= 4p + 15 + 12c2,. 
Nonlinear terms of second order 
l- 
f2,ijk = zf*,ijk _ 
i = 2: f2,211 = 4G[2b + w,, + :Gd1 - 6C2cdl~ 
A,213 = ks2100 - 6C2fA 
L222 = 3s2dl + 2C20L 
A,223 = 2c2, [ho (3 + 6C20 > - 4&J ) 
f&4 = - 8S20 > 
L,233 = : (C,,[4~2,-&,(5-6C20)] -s,,[4(~20-&o)2-&(1-6c20)] 
-kTC2,,(1- 6C20>>, 
L,234 = 8C20(~20-&0)3 
ii.244 = 4s20 ;
i = 4: f2,411 = G k [-3C,,(:~+l)(l+2C2,)+C2,,(2~+6+3C2,)], 
Ii,413 = -2k,C2,,(2p+6+ 3C2,), 
ii,,,2 = s2d4p + 15 + 12C20), 
L,423 = 2C20[-3(Q2~-&~)(l+2C2~)+2&(2P+6+3C2~)]9 
L/%2, = -6S2,(1+ 2C2,), 
L.433 = : (C20[3620(1 + 2C20) + &0(4P + 911 
-s,,[3(i,,-i,,)*O +2C2,) +2&(2~+6 + 3C2,)]) 
+ k&2,&p + 6 + 3C2,)> 
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L,434 = 6c,,,(~,, - &o)(l + 2Go), 
IL44 = =20  + SC20 h
g2.l jm = &22,ijm 
i=2: g”2232 = &q (6& - 5) 9 
g2:234 = 4s2ll; 
i=4: g”,,,,,=S2,(4p+9), 
tT2.434 = 3s2, (1 + 2c2cl) * 
Nonlinear terms of third order 
i = 2: f;,,,,, = %,[4(P + 2)&l - f92,,0 - 6C2dl T 
A,,,,, = %J2~00 - 6C2cA 
L2223 = 3C2d1 + 2C2dy 
A,*333 = - i (S,,[4&,-&0(5 --6C20)] + C2~[4(~2~-~,,)2-_~o(1-6C2~)] 
L.2133 = ikGS210 (6C20 - 1)) 
f 3,2233 = s2, [4( &Cl - &II) + id1 - 6c20)] 2 
A.2334 = -4s,ll(62, - &cl)T 
ii,2344 = 4c20; 
i = 4: f3,4111 =&&MP + 210 + 2C2d + f~2d~~ + 6 + 3Gd], 
&,,I13 = -k-~210(2~ + 6 + 3C2d, 
f 3,4223 = c2, [3(1 + 2c2,) + 2(2P + 6 + 3c20)l 9 
A,4333 = - ;( s2&621& + 2c2,) + &0(4P + 9)] 
+C2~[3(~2~-~,,)2(1+2C2~)+2~:~(2P+6+3C2~)] 
+ 2kG210(2~ + 6 + 3C2J), 
A,4133 = k_G2&~ + 6 + 3C2& 
A,4233 =S,,[3(~2,-~,,)(1+2C2,)-2~,,(2P+6+3C2~)], 
ii,4334 = -3S,,(~20-~10)(1+2C20), 
ii,4344 = 3C20 (1 + 2C20 h 
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g3,l jkm = &g3irjkm 
i = 2: &2332 = &(6C,, - 5), 
g”3,2334 = 2c2,; 
i = 4: g”3,4332 = $C,,(4p + 9), 
E3,4334 = 9x1 + 2c2d 
Appendix B. Calculation of the center manifold 
We rewrite (29) in components: 
u n+l,i = k,,~,,; + Fc,,(u,, u,), i = 1 or 1, 2, (494 
u n+l,j=Els,,Un,j+F,,,(u,, un)> j=i+l,.*.,N. Wb) 
We consider the most complicated case treated in this paper, i = 1, 2. With the approximation 
H( u, instead of h( u,) (30) can be written in the form 
un,j = Hj(“n,j) = aj,ikUn i”n k = aj,llU~,l + ‘j 12’n l”n 2 + aj 22’: 2 , 7 , 3 3 1 1 (50) 
with unknown coefficients ai,ik. From (49a) and (49b) follows 
V 
n+l,J = aj,ikUn+l,iUn+l,k 
= aj,ik[P,.iU,,i + C,i(‘n, Hbn))] [h,k%,k + ~c,kbn, Hbn))] 
=Ps,jHjCun) +Fs,JCUn, H(“n)) 
=ps,j[aj,ikU,,iU,,k] +iF,,j(U,, ff(u,)), i, k=l,2, i<k. 
Equating coefficients of the second-order terms in the second and fourth line leads to the 
eqUatiOnS t0 determine the aj,jk. The contribution from the functions F, is at least of third order 
to H( z+). Hence only from the functions F, second-order terms are obtained. For this purpose a 
series expansion of F, in the form 
Fs,j(U,, 0) =fj,ikUn,iU,,k + o( I Un,i I 3), i, k= 1, 23 i < k 
is made. The result of the process of equating coefficients leads to the coefficients 
fj,rk 
‘j,ik = 
pc,ipc,k - ps,j ’ 
j= 3,..., N, i=l,2 
appearing in (50) respectively in (30). 
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